
An analytical model for solute transport

in unsaturated flow through a single

fracture and porous rock matrix

J. E. Houseworth

Lawrence Berkeley National Laboratory, Berkeley, California, USA

Received 27 October 2004; revised 26 September 2005; accepted 24 October 2005; published 27 January 2006.

[1] An exact analytical solution is presented for solute transport in an unsaturated,
vertical fracture and porous rock matrix. The problem includes advective transport in the
fracture and rock matrix as well as advective and diffusive fracture-matrix exchange.
Linear sorption and radioactive decay are also treated. The solution is derived under the
assumptions that longitudinal diffusion and dispersion are negligible and that the fracture
and rock properties are homogeneous. The water flux and saturation within the matrix are
assumed to be steady and spatially uniform. The fracture flux, saturation, and wetted
fracture-matrix interface area are steady but are allowed to be spatially variable. The
problem is first solved in terms of solute concentrations that result from an instantaneous
point source in the fracture. An integrated form of the solution is also derived for
cumulative solute mass flux at a fixed downstream position. The closed-form analytical
solution is expressed in terms of algebraic functions, exponentials, and error functions.
Analyses indicate limited sensitivity to fracture porosity and fracture retardation under
typical conditions but strong sensitivity to matrix diffusion, matrix retardation, and matrix
imbibition.
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1. Introduction

[2] Transport in fractured rock typically results from a
combination of relatively fast transport in fractures coupled
with much slower transport in the rock matrix. Fracture
pathways often carry most of the flow but have relatively
small water content; therefore transport velocities in frac-
tures are high. The rock matrix lying between fractures
often carries a smaller fraction of the total flow, but is
dominant in terms of water content, leading to much lower
transport velocities. Transport through saturated fractured
rock was investigated in analytical models by Neretnieks
[1980], Tang et al. [1981], Sudicky and Frind [1982], and
Maloszewski and Zuber [1985]. Although complete water
saturation is not a strict requirement for the application of
these models, they are limited to diffusive exchange be-
tween fractures and matrix, with no flow in the matrix.
Existing analytical models for transport through fractured
rock have not addressed the effects of advective exchange
between the fracture and the rock matrix, nor the effects of
global advective transport through the rock matrix. The
model presented here addresses these transport processes.
[3] Flow in the rock matrix results from both capillary

and gravity forces. In unsaturated fractured rock systems,
advective transport between the fractures and matrix may
occur as a result of flow driven by differences in capillary
pressure. Such effects have been noted to result in slower
transport because capillary pressure conditions typically

lead to flow from the fractures to the matrix [Ho, 2001]. On
the other hand, advection through the matrix in the direction
of the mean flow will facilitate overall transport. Therefore
advection in the matrix can affect solute transport in
qualitatively different ways.
[4] Although transport through a single fracture in a

porous rock is a highly idealized representation of a
fractured rock, it has been found to be useful for interpre-
tation of laboratory and field data in saturated zone environ-
ments [Maloszewski and Zuber, 1985, 1990, 1993; Becker
and Shapiro, 2000; Shapiro, 2001]. The effects of multiple
fractures may be neglected for cases in which the timescale
for advection in the fracture across the model domain is
short in comparison with the timescale for lateral migration
between flowing fractures.
[5] Beyond direct application to physical systems, ana-

lytical models provide a way to test and develop numerical
models. Currently, there are no analytical models available
for testing numerical models of systems in which advective
transport occurs in both the fractures and matrix, as in a
dual-permeability model. Furthermore, analytical models
may serve as a component of a numerical model to improve
the accuracy and efficiency of the numerical model [Pan
and Bodvarsson, 2002; Robinson et al., 2003; Zimmerman
et al., 1996].
[6] The model presented here includes three independent

velocities; a longitudinal velocity in the fracture, a longitu-
dinal velocity in the matrix, and a transverse velocity
between the fracture and matrix. The model also treats
diffusive solute exchange between the fracture and matrix,
linear sorption in the fracture and matrix, and radioactive
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decay. Figures 1 and 2 provide schematic diagrams for the
model. Figure 1 shows the main transport mechanisms of
longitudinal advection in the fracture and matrix and ad-
vective and diffusive exchange between the fracture and
matrix for an initial solute source in the fracture. Imbibition
of water from the fracture to the matrix causes changes in
the fracture flow pattern as indicated in Figure 2. Figure 2
presents a view in the plane of the fracture. The conceptual
model for water flow in a vertical fracture is based on a
channelized flow pattern that results from flow instability.
Unstable flow patterns have been observed in laboratory

experiments of flow in vertical fractures [Glass et al., 1995;
Nicholl et al., 1994] and in numerical models of such
processes [Hughes and Blunt, 2001]. Channels with low
flux do not span the vertical dimension in Figure 2 because
imbibition into the matrix eliminates these channels before
reaching the lower boundary. For cases without imbibition
flow, all channels span the domain. Regions in the rock
matrix that connect with fracture water through movement
in the x direction only are referred to here as the connected
matrix. The remaining regions of the matrix are referred to
as the isolated matrix. Note that as imbibition of water

Figure 1. Schematic diagram of transport processes and solute source configuration in the single-
fracture model.

Figure 2. Schematic diagram of fracture flow channels in the fracture plane, the associated fracture-
matrix contact area, and transport in the fracture plane and rock matrix.
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occurs, fracture water saturation is reduced. Continued
solute movement in the vertical direction through the
connected matrix leads to solute transport through the
isolated matrix (Figure 2).
[7] The model presented here is restricted to the follow-

ing assumptions.
[8] 1. Steady flow in the fracture and rock matrix.
[9] 2. Water flux in the fracture is proportional to the

water saturation.
[10] 3. Wetted fracture-matrix interface area is propor-

tional to the water saturation.
[11] 4. Semi-infinite domain longitudinally and infinite

domain laterally.
[12] 5. Vertical (longitudinal) diffusion and dispersion are

negligible.
[13] 6. Horizontal advective and diffusive transport par-

allel to the fracture plane is negligible.
[14] 7. Velocity in the fracture is larger than the longitu-

dinal velocity in the matrix.
[15] 8. Transverse diffusive mixing normal to the fracture

wall maintains a uniform solute concentration in fracture
water at a given elevation.
[16] 9. Saturation variations in the matrix required to

drive cross flow are sufficiently small such that they have
a negligible effect on transport velocities in the transverse
direction.
[17] Assumptions 1 and 2 are needed to simplify the flow

problem sufficiently for analytical treatment of the transport
problem. Steady state flow conditions may be found in
unsaturated rock underlying a porous rock or soil zone with
sufficient storage capacity to damp out transient infiltration
from the ground surface [Bodvarsson et al., 1999]. Imbibi-
tion flow between the fracture and rock matrix is idealized
as flow driven by a uniform capillary pressure gradient
laterally across the matrix. A direct proportionality between
water flux in the fracture and fracture saturation is expected
if capillary pressure forces in the fracture are small com-
pared with gravitational forces. This relationship between
water flux and saturation has been postulated for unsat-
urated flow in a vertical fracture [Glass et al., 1995].
Assumption 3 is a hypothesis proposed by Liu et al.
[1998] for fracture networks to account for changes in
fracture-matrix interface area with changes in fracture
saturation. Observations of unsaturated flow in a vertical
fracture have demonstrated that the wetted interface area
can be significantly less than the geometric interface area
[Glass et al., 2002]. Assumption 4 concerning the prob-
lem’s geometry is also needed to specify and simplify the
problem for analytical treatment. Longitudinal dispersion
is neglected, as stated in assumption 5, to simplify the
problem. The neglect of longitudinal diffusion and dis-
persion will lead to higher predicted solute con-
centrations. However, this is expected to be a good
approximation for cases with sufficient fracture-matrix
interaction [Maloszewski and Zuber, 1992]. Assumption 6
is needed to simplify the problem because of the complex
nature of the distribution of flow channels in a fracture.
For cases without imbibition, this assumption restricts
solute to stay in the connected regions; diffusion into
the isolated regions is neglected. For cases with imbibi-
tion, this assumption also restricts solute that advects into
the isolated regions to remain in the isolated regions. This

assumption will lead to higher predicted solute concen-
trations. However, the effects on longitudinal mass flux
are not expected to be significant because of the second-
ary influence of transport parallel to the fracture plane on
fracture-matrix exchange. Assumption 7 is generally true
if fracture flow is a significant factor in the system.
Assumption 8 is also generally true because diffusion
across a dimension characterized by the fracture aperture
will homogenize solute concentrations rapidly compared
with other timescales associated with solute transport.
Assumption 9 is based on the premise that imbibition
cross flow in the matrix is small compared with the
larger-scale flow in the vertical direction. Furthermore,
the capillary pressure gradient required to drive this flow
results in small changes in water saturation that have only
a small effect on transverse transport velocities.
[18] As shown in Figure 2, there are three distinct flow

domains for any given vertical trace between the upper
boundary and the lower boundary: (1) fracture flow at the
upper boundary penetrates to the lower boundary, (2) fracture
flow at the upper boundary does not penetrate to the
lower boundary because of matrix imbibition, and (3) no
fracture flow between the upper and lower boundaries.
According to assumption 6, transport is treated as a two-
dimensional process in the x-z plane with no transport in
the third (y) dimension. Furthermore, solute is introduced
in the fracture flow exclusively. Therefore the third flow
domain does not participate in the transport process. The
first two flow domains do participate in the transport
process. When fracture flow penetrates from the upper
boundary to the lower boundary, solute is transported
through flow in the fracture and the associated connected
matrix. If fracture flow at the upper boundary does not
penetrate to the lower boundary, solute introduced in the
fracture flow at the upper boundary must pass through
the isolated matrix to arrive at the lower boundary. There
is a continuum of penetration depths for fracture flow
between the upper and lower boundaries and the cumu-
lative mass response for the isolated matrix accounts for
this through integrating the responses over the range of
penetration depths. Both domains must be addressed in
the analysis of the cumulative mass arrivals at the lower
boundary to account for all solute introduced at the upper
boundary. The cumulative mass flux for the three three-
dimensional problem is obtained through combining the
two-dimensional solutions for the fracture and connected
matrix (section 3.4) and the isolated matrix (section 3.5).
[19] Coupled transport equations for solute transport

through the fracture and the rock matrix are developed
in section 2. The coupling takes the form of a distributed
source term in the conservation equation for the fracture
and a boundary condition for the rock matrix. The two-
dimensional transport problem in the rock matrix is
reduced to a one-dimensional problem through a trans-
formation to a coordinate system that moves at the
longitudinal velocity in the rock matrix. The equations
and boundary conditions are then transformed into di-
mensionless form. The solution for solute concentration
from an instantaneous point source in the fracture is
presented in sections 3.1, 3.2, and 3.3. Integrated forms
of the solution representing the cumulative mass arrivals
at a downstream location are derived in sections 3.4 and
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3.5. Analyses conducted using the resulting solutions are
presented in section 4.

2. Mathematical Formulation

2.1. Development of Conservation Equations

[20] The conservation equation for solute mass transport
in a fracture is

ff Sf
@cf
@t

þ lcf

� �
þ Arrbf

@cfa
@t

þ lcfa

� �
þ
@ qf cf
� �
@z

¼ AvfmAr fmSmDm

@cm
@x

����
x¼0

� qfmcmjx¼0

� �
: ð1Þ

The first two terms on the left-hand side of equation (1)
represent the rate of change in solute mass as a dissolved
and sorbed species, respectively, including radioactive
decay (see Notation section for a definition of mathematical
terms). The third term represents the gradient in the
advective solute mass flux through the fracture. The two
terms on the right hand side of equation (1) represent the
diffusive and advective exchange of solute mass between
the fracture and the rock matrix. The fracture porosity
allows for rock mass within the fracture volume.
[21] For a plane-parallel fracture, the fracture-matrix

interface area for some representative fracture control vol-
ume is two times the fracture length (z direction) times the
fracture depth (y direction). The fracture bulk volume for
this same control volume is the fracture aperture, b, times
the same length and depth. Therefore the fracture-matrix
interface area per unit fracture volume is

Avfm ¼ 2

b
: ð2Þ

The fracture-matrix interface area per unit volume is
multiplied by an area reduction factor, Ar. This factor is
introduced to account for the reduction in fracture water
contact with changes in fracture water saturation. Such a
reduction factor has been postulated for unsaturated flow to
account for effects such as flow instability, heterogeneity,
and preferential flow [Liu et al., 1998; Doughty, 1999].
[22] For a linear sorption process

cfa ¼ Kdf cf ; ð3Þ

where Kdf is the linear sorption coefficient in units of
solution volume per unit rock mass.
[23] The Darcy flow rate in the fracture is qf and the

Darcy flow rate between the fracture and matrix is qfm. A
mass balance for water shows that

dqf

dz
¼ � 2Arqfm

b
: ð4Þ

Also note that cmjx=0 = cf.
[24] Using equations (2) through (4) in equation (1) gives

@cf l
@t

þ vf
@cf l
@z

¼ 2Ar

b

� �
fmSmRm

ff Sf Rf

 !
Dm*

@cml
@x

����
x¼0

� �
; ð5Þ

where

Rf ¼ 1þ
Arrbf Kdf

ff Sf
is the retardation coefficient in for
transport in the fractures,

vf ¼
qf

ff Sf Rf

is the advective transport velocity in
the fractures (z direction),

vfm ¼ qfm

fmSmRm

is the advective transport velocity in
the matrix (x direction),

Dm* ¼ Dm

Rm

is the effective matrix diffusion
coefficient,

Rm ¼ 1þ rbmKdm

fmSm
is the retardation coefficient for trans-
port in the matrix,

and cfl and cml are the solute mass concentrations in the
fracture and matrix waters, respectively, multiplied by the
radioactive decay factor, elt.
[25] Equation (4) indicates that qf is a function of z. As

discussed in section 1, the flux in the fracture is assumed to be
proportional to the water saturation. Therefore equation (4)
gives a relationship between Sf and z. A hypothesis proposed by
Liu et al. [1998] is that the area reduction factor, Ar, is equal to
the effective fracture saturation. For a residual saturation of
zero, this hypothesis for the area reduction factor leads to the
result that the group of factors multiplying the concentration
gradient on the right hand side of equation (5) is constant. A
related assumption is that the mass of rock available for
sorption in the fracture per unit fracture volume is equal to
the product of the bulk rock density in the fracture times the
fraction of interface area that iswetted. This results in a constant
retardation factor in the fracture for varying water saturation.
Therefore the solute velocity in the fracture is constant.
[26] The conservation equation for solute mass transport

in the rock matrix is

fmSm
@cm
@t

þ lcm

� �
þ rbm

@cma
@t

þ lcma

� �
þ qm

@cm
@z

þ qfm
@cm
@x

¼ fmSmDm

@2cm

@x2
: ð6Þ

The first two terms on the left-hand side of equation (6)
represent the rate of change in solute mass as a dissolved
and sorbed species, respectively, including radioactive
decay. The third and fourth terms represent the gradient in
the advective solute mass flux through the matrix in the
longitudinal and transverse directions, respectively. The term
on the right hand side of equation (6) represents the gradient in
the transverse diffusive flux through the rock matrix.
Equation (6) only applies to the connected rock matrix
that has a local contact with fracture water (see Figure 2).
Transport in the isolated matrix, lacking a local contact
with fracture water, is treated in section 3.3.
[27] For a linear sorption process,

cma ¼ Kdmcm; ð7Þ

whereKdm is the linear sorption coefficient in the rockmatrix.
[28] Using equation (7) in equation (6) gives

@cml
@t

þ vm
@cml
@z

þ vfm
@cml
@x

¼ Dm*
@2cml

@x2
; ð8Þ

where
vm =

qm

fmSmRm

is the advective transport velocity in the

matrix in the z direction.

2.2. Boundary Conditions

[29] The boundary condition in fracture is

lim
z�!�1

cf l z; tð Þ ¼ 0: ð9Þ
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This is a result of the fact that no tracer can exist for z < vmt,
provided an initial source at z = 0.
[30] The boundary condition for solute transport in the

rock matrix at the fracture interface is that the solute
concentrations in the fracture and matrix are equal, or

cml 0; z; tð Þ ¼ cf l z; tð Þ: ð10Þ

Given a semi-infinite domain for the rock matrix,

lim
x�!1

cml x; z; tð Þ ¼ 0; ð11Þ

which assigns a solute concentration of zero as x ! 1.

2.3. Initial Condition

[31] The initial condition is an instantaneous point source
represented as a delta function

cf l z; 0ð Þ ¼ M0

Af ff Sf 0Rf

d zð Þ; ð12Þ

where Sf 0 is the fracture water saturation at z = 0, Af is the
fracture cross-sectional area orthogonal to the z axis, M0 is
the initial mass of solute (including solute sorbed), and d(z)
is the delta function.
[32] This initial condition is defined to ensure the follow-

ing total solute mass condition,

Af ff Sf 0Rf

Z1
�1

cf l z; 0ð Þdz ¼ M0: ð13Þ

The initial condition for solute mass in the rock matrix is

cml x; z; 0ð Þ ¼ 0; ð14Þ

because the solute is initially released to the fracture.

2.4. Transformation to a Moving Coordinate System

[33] The problem is transformed to a moving coordinate
system to reduce the two-dimensional matrix transport
problem to one spatial dimension through the following
coordinate transformation,

V ¼ z� vmt: ð15Þ

Using equation (15), equation (5) becomes

@cf l
@t

þ vf*
@cf l
@V

¼ 2Ar

b

� �
fmSmRm

ff Sf Rf

 !
Dm*

@cml
@x

����
x¼0

� �
; ð16Þ

where v*f = vf � vm is the longitudinal velocity in the
fracture relative to the matrix.
[34] The boundary and initial conditions, equations (9)

and (12), for the fracture become, respectively,

lim
V��!�1

cf l V; tð Þ ¼ 0 ð17Þ

cf l V; 0ð Þ ¼ M0

Af ff Sf 0Rf

d Vð Þ: ð18Þ

Equation (8) for mass conservation in the matrix becomes
under this transformation

@cml
@t

þ vfm
@cml
@x

¼ Dm*
@2cml

@x2
: ð19Þ

[35] The boundary and initial conditions for the matrix as
given in equations (10), (11), and (14) become, respectively,

cml 0; V; tð Þ ¼ cf l V; tð Þ ð20Þ

lim
x�!1

cml x; V; tð Þ ¼ 0 ð21Þ

cml x; V; 0ð Þ ¼ 0: ð22Þ

Note that the multidimensional advective transport in the
matrix as expressed in equation (8) is now reduced to a
single spatial dimension in the transverse direction in
equation (19).

2.5. Transformation to Dimensionless Form

[36] The collection of terms found on the right-hand side
of equation (16) is a convenient length scale, ‘, for the
development of nondimensional variables

‘ ¼ b

2Ar

ff Sf Rf

fmSmRm

: ð23Þ

This length scale represents an effective fracture water
volume divided by the corresponding effective matrix
water area in contact with the fracture water (see also
equation (2)). The length scale also accounts for the effects
of sorption through the retardation factors, which represent
additional solute storage resulting from sorption. The
assumption that the area reduction factor, Ar, equals the
fracture saturation, Sf, leads to a constant value for the length
scale, ‘.
[37] With this length scale, the following dimensionless

variables may be defined:

t ¼ vf*t

‘
ð24Þ

x ¼ V
‘

ð25Þ

h ¼ x

‘
ð26Þ

cfd ¼
Af ff Sf 0Rf ‘

M0

cf l ð27Þ

cmd ¼
Af ff Sf 0Rf ‘

M0

cml: ð28Þ

[38] Using these dimensionless variables, equation (16)
becomes

@cfd
@t

þ @cfd
@x

¼ 1

Pe

@cmd
@h

����
h¼0

; ð29Þ
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where

Pe ¼ vf*‘

Dm*
ð30Þ

is the Peclet number and

V ¼ vfm

vf*
ð31Þ

is the cross-flow velocity ratio. The boundary and initial
conditions for the fracture, equations (17) and (18),
respectively, become

lim
x�!�1

cfd x; tð Þ ¼ 0 ð32Þ

cfd x; 0ð Þ ¼ d xð Þ: ð33Þ

Note that the nondimensional delta function in equation (33)
is related to the delta function in equation (17) through the
following total mass condition at t = 0:

Z1
�1

d xð Þdx ¼
Z1
�1

1

‘
d xð Þdz ¼

Z1
�1

d zð Þdz 	: : d xð Þ ¼ ‘d zð Þ: ð34Þ

[39] Using the nondimensional variables, equation (19)
becomes

@cmd
@t

þ V
@cmd
@h

¼ 1

Pe

@2cmd

@h2
: ð35Þ

[40] The nondimensional forms for the boundary and
conditions in equations (20), (21), and (22) are, respectively,

cmd 0; x; tð Þ ¼ cfd x; tð Þ ð36Þ

lim
h�!1

cmd h; x; tð Þ ¼ 0 ð37Þ

cmd h; x; 0ð Þ ¼ 0: ð38Þ

The mathematical solution of the coupled transport
equations (29) and (35), subject to boundary and initial
conditions given in equations (32), (33), (36), (37), and
(38), is presented in the next section.

3. Mathematical Solution

3.1. Solution for the Laplace Transformed Matrix
and Fracture Concentrations in the Fracture
and Connected Matrix

[41] The Laplace transform may be represented as the
following integral change of variables

H tð Þcmd h; x; tð Þ ¼ 1

2pi

Zcþi1

c�i1

ĉmd h; x; sð Þestds ð39Þ

H tð Þcfd x; tð Þ ¼ 1

2pi

Zcþi1

c�i1

ĉfd x; sð Þestds; ð40Þ

where H(t) is the Heaviside step function defined by

H tð Þ ¼ 0; t < 0

H 0ð Þ ¼ 1

2
ð41Þ

H tð Þ ¼ 1; t > 0:

[42] Substituting equation (39) for cmd in equation (35)
leads to the following differential equation in terms of ĉmd:

d2ĉmd

dh2
� PeV

dĉmd

dh
� sPeĉmd ¼ 0: ð42Þ

The solution to equation (42) that is consistent with the
transformed initial and boundary conditions from
equations (37) and (38) is

ĉmd h; x; sð Þ ¼ ĉfd x; sð Þexp PeV

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV

2

� �2

þ sPe

s0
@

1
Ah

2
4

3
5:
ð43Þ

[43] The fracture solute mass conservation equation,
given in equation (29), becomes the following using
equations (39) and (40) subject to the initial condition
in equation (33)

@ĉfd
@x

þ sĉfd �
1

Pe

@ĉmd
@h

����
h¼0

¼ d xð Þ: ð44Þ

Substituting equation (43) for ĉmd into equation (44) gives

dĉfd

dx
þ s� V

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

4
þ s

Pe

r( )
ĉfd ¼ d xð Þ: ð45Þ

Integrating equation (45) from �1 to x and using
equation (32) gives

ĉfd x; sð Þ ¼ exp � s� V

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

4
þ s

Pe

r !
x

" #
H xð Þ: ð46Þ

Inversionof theLaplace-transformedsolutions,equations(43)
and (46), to physical time is presented in section 3.2.

3.2. Inversion of the Laplace Transformed
Solutions for the Fracture and Connected Matrix

[44] The convolution theorem is used to simplify the
dependence on s in equation (46). The convolution theorem
states

Zt
0

F1 t� sð ÞF2 sð Þds ¼ 1

2pi

Zcþi1

c�i1

f1 sð Þf2 sð Þestds: ð47Þ

Let

f1 sð Þ ¼ e�sx; ð48Þ

which implies

F1 tð Þ ¼ d t� xð Þ; ð49Þ
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and let

f2 sð Þ ¼ exp
V

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

4
þ s

Pe

r !
x

" #
H xð Þ; ð50Þ

so that

F2 tð Þ ¼ 1

2pi

Zcþi1

c�i1

H xð Þ exp V

2
� 1ffiffiffiffiffi

Pe
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV 2

4
þ s

r !
xþ st

" #
ds:

ð51Þ

To evaluate F2, let

c ¼ sþ PeV 2

4
: ð52Þ

Substituting equation (52) into (51) gives

F2 tð Þ ¼ H xð Þ exp Vx
2

� PeV 2t
4

� �
1

2pi

	
ZcþPeV2

4
i1

cþPeV2

4
�i1

exp �
x
ffiffiffiffi
c

pffiffiffiffiffi
Pe

p þ ct
� �

dc; ð53Þ

which is tabulated to give [Abramowitz and Stegun, 1972,
equation 29.3.82]

F2 tð Þ ¼ H xð Þ exp Vx
2

� PeV 2t
4

� �
x

2
ffiffiffi
p

p ffiffiffiffiffi
Pe

p
t3=2

� �
exp

�x2

4Pet

� �
:

ð54Þ

Integrating equation (47) using equations (49) and (54) and
using the definition of ĉfd in equation (40) and integrating
gives

cfd x; tð Þ ¼ H xð ÞH t� xð Þ x

2
ffiffiffi
p

p ffiffiffiffiffi
Pe

p
t� xð Þ3=2

 !

	 exp � x� PeV t� xð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffi
t� x

p
� �2

" #
: ð55Þ

[45] The dimensionless fracture concentration is a func-
tion of the dimensionless longitudinal position, dimension-
less time, Peclet number and cross-flow velocity ratio. To
obtain the solution for the matrix concentration, substitute
equation (46) into equation (43) to give

ĉmd h; x; sð Þ ¼ H xð Þexp � s� V

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

4
þ s

Pe

s0
@

1
Ax

2
4

3
5

	 exp PeV

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV

2

� �2

þ sPe

s0
@

1
Ah

2
4

3
5; ð56Þ

which upon rearranging, gives

ĉmd h; x; sð Þ ¼ H xð Þ exp V

2
xþ Pehð Þ

� �
exp �sxð Þ

	 exp � xffiffiffiffiffi
Pe

p þ
ffiffiffiffiffi
Pe

p
h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV 2

4
þ s

r" #
: ð57Þ

[46] Following a similar series of steps as performed for
the inversion of the fracture concentration using the convo-

lution theorem, the solution for the matrix concentration is
found to be

cmd h; x; tð Þ ¼ H xð ÞH t� xð Þ xþ Pehð Þ
2
ffiffiffi
p

p ffiffiffiffiffi
Pe

p
t� xð Þ3=2

	 exp � xþ Peh� PeV t� xð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffi
t� x

p
� �2

" #
: ð58Þ

The dimensionless matrix concentration is a function of the
dimensionless transverse position in addition to the other
factors that affect the dimensionless fracture concentration.

3.3. Solute Concentration in the Isolated Matrix

[47] The solution for matrix concentration in section 3.2
is for matrix in contact with fracture water and solute.
However, the steady state flow pattern leads to a reduction
in fracture saturation and therefore a reduction in the
fracture-matrix interface area with increasing depth. The
vertical movement of solute in the matrix results in a portion
of the solute moving from matrix that has a wetted interface
with the fracture to matrix that does not have a wetted
interface (Figure 2). The region of the matrix that does not
have a wetted interface is referred to as the isolated matrix
because it is isolated from water and solute exchange with
the fracture.
[48] First, consider the change in fracture saturation with

depth. From equation (4)

dqf

dz
¼ � 2Arqfm

b
: ð59Þ

The fracture flux and area reduction are

qf ¼ Kf Sf ð60Þ

Ar ¼ Sf : ð61Þ

Then, equation (59) becomes

dSf

dz
¼ � 2qfm

bKf

Sf : ð62Þ

Integrating equation (62) gives

Sf

Sf 0
¼ exp � 2qfm

bKf

z

� �
: ð63Þ

[49] Using the definitions of vfm, vf, ‘, and V, from the
analysis of concentrations from a fracture source, and
introducing

z ¼ z

‘

V‘ ¼
vm

vf

gives

Sf

Sf 0
¼ exp �V 1� V‘ð Þz½ �: ð64Þ

Therefore

Ar ¼ Sf 0 exp �V 1� V‘ð Þz½ �: ð65Þ
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Because solute in the isolated matrix advects downward at a
constant velocity

tc ¼ t � z� zc

vm
; ð66Þ

where zc is the vertical coordinate at which solute enters the
isolated matrix (see Figure 2) and tc is the time at which
solute enters the isolated matrix. Expressing equation (66)
in terms of nondimensional variables gives

tc x; zcð Þ ¼ 1� V‘

V‘

� �
zc � xð Þ: ð67Þ

[50] Equation (6) governing transport in the matrix
becomes, for the isolated matrix

fmSm
@cmi
@t

þ lcmi

� �
þ rbm

@cmai
@t

þ lcmai

� �

þ qm
@cmi
@z

¼ fmSmDm

@2cmi

@x2
; ð68Þ

where the subscript i refers to the isolated matrix. After
transforming into the moving coordinate system (section 2.4)
and using the previously defined nondimensional variables,
equation (68) becomes

@cmdi
@t

¼ 1

Pe

@2cmdi

@h2
: ð69Þ

[51] Thus, in the moving coordinate system, solute trans-
port in the isolated matrix is governed by a diffusion
process. The concentration patterns may be evaluated using
the superposition method, starting with equation (58) as the
initial profile. Let tc be the dimensionless time for entering
the isolated matrix and xc be the corresponding vertical
coordinate in the moving reference frame upon entering the
isolated matrix. Because longitudinal transport after enter-
ing the isolated matrix is restricted to advection at the
velocity vm, x remains identically equal to xc. The profile
evolves over time through diffusion in the h dimension and
advection in the x dimension. The solution to equation (69)
for a source at time tc is

cmdi h; x; tc; tð Þ ¼
Z1
0

ffiffiffiffiffi
Pe

p
cmd c; x; tcð Þdcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p t� tcð Þ

p exp
�Pe h� cð Þ2

4 t� tcð Þ

" #
dc;

ð70Þ

where cmd (c, x, tc) is given in equation (58).
[52] The superposition solution is

cmdi h; x; tc; tð Þ ¼
Z1
0

ffiffiffiffiffi
Pe

p
cmd c; x; tcð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p t� tcð Þ

p exp
�Pe h� cð Þ2

4 t� tcð Þ

" #
dc:

ð71Þ

Substituting for cmd (c, xc, tc) from equation (58) gives

cmdi h; x; tc; tð Þ ¼
Z1
0

H xcð ÞH tc � xð Þ
4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t� tcð Þ

p xþ Pecð Þ
tc � xð Þ3=2

	 exp � xþ Pec� PeV tc � xð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
tc � x

p
� �2

" #

	 exp �Pe h� cð Þ2

4 t� tcð Þ

" #
dc: ð72Þ

[53] Performing the integration gives

cmdi h; x; tc; tð Þ ¼ H xð ÞH tc � xð Þ
2p

ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffi
t� x

p
tc � xð Þ

	 exp � xþ Peh� PeV tc � xð Þf g2

4Pe t� xð Þ

" #

�

ffiffiffi
p

p

2
x� x t� tcð Þ � Peh tc � xð Þ � PeV t� tcð Þ tc � xð Þf g

t� x

� �

� erfc
x t� tcð Þ � Peh tc � xð Þ � PeV t� tcð Þ tc � xð Þ

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffi
t� x

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
t� tc

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
tc � x

p

" #

þ
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
tc � x

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
t� tc

pffiffiffiffiffiffiffiffiffiffiffi
t� x

p

� exp � x t� tcð Þ � Peh tc � xð Þ � PeV t� tcð Þ tc � xð Þf g2

4Pe t� xð Þ t� tcð Þ tc � xð Þ

" #

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

;

ð73Þ

where tc (x, zc) is defined in equation (67). Equation (73) is
equal to the concentrations in the connected matrix, as given
in equation (58), as t ! tc.
3.4. Cumulative Mass Arrivals in the Fracture and
Connected Matrix at a Fixed Downstream Location

[54] The description of transport from an instantaneous
source is often represented as a breakthrough curve, which
gives the cumulative mass arrival at some point downstream
of the source relative to the total mass release. Mathe-
matically, this is the time integral of the mass flux at the
downstream location divided by the total source mass.
[55] For the fracture, the integrated mass flux over time at

a fixed downstream (exit) position, ze, is

Mf Tð Þ ¼
ZT
0

Af ff Sf Rf vf cf ze; tð Þdt; ð74Þ

where T is the time of observation. Using the definition of
the dimensionless concentration in equation (27), the
cumulative mass integral becomes

Mf

M0

Tð Þ ¼ Sf

Sf 0

ZT
0

cfd ze; tð Þ exp � l‘
vf

� �
vf t

‘

$ %� �
d

vf t

‘

$ %
: ð75Þ

[56] Define the following dimensionless variables

s ¼ vf t

‘
ð76Þ

y ¼ vf T

‘
ð77Þ

ld ¼ l‘
vf

: ð78Þ

[57] Also, using the definition of x (see equations (15)
and (25)), define the following variables:

xe ¼ ze � V‘s; ð79Þ
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such that t � xe = s � ze where

ze ¼
ze

‘
ð80Þ

is the dimensionless downstream boundary coordinate and

V‘ ¼
vm

vf
ð81Þ

is the longitudinal velocity ratio.
[58] Using equations (76), (77), (78), and (80) in

equation (75) gives

Mf

M0

yð Þ ¼ exp �V 1� V‘ð Þz½ �
Zy
0

cfd ze; sð Þ exp �ldsð Þds; ð82Þ

where
Sf

Sf 0
is given by equation (64). The integration of

equation (82) using equation (55) for cfd is performed using
integral relationships given in Appendix A. The result is

Mf

M0

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
þ V‘

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q exp �V 1� V‘ð Þze½ �

� exp ze 1� V‘ð Þ
2Pe

PeV þ V‘ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
� zeld

� �

� erfc
ze 1� V‘ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
y� zeð Þ

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
8<
:

9=
;

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
� V‘

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q exp �V 1� V‘ð Þze½ �

� exp ze 1� V‘ð Þ
2Pe

PeV þ V‘ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
� zeld

� �

� erfc
ze 1� V‘ð Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
y� zeð Þ

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
8<
:

9=
; ð83Þ

for ze � y � ze
V‘
. For y < ze,

Mf

M0

(y) = 0 and for

y >
ze
V‘
,
Mf

M0

(y) =
Mf

M0

�
ze
V‘

�
.

[59] Special forms of this solution for various limiting
cases are given in Appendix B.
[60] The cumulative mass arrival in the connected matrix

is also found by integrating the mass flux over time at a
fixed position, ze. However, in this case, the integration is
also performed over the transverse direction, x, as given by

Mm Tð Þ ¼ 2

ZT
0

Af Ar

b

� �
fmSmRmvm

Z1
0

cm x; ze; tð Þdxdt: ð84Þ

Note that the 2 is needed to account for tracer mass on both

sides of the fracture. The term
Af Ar

b
is the depth dimension

(y in Figures 1 and 2).
[61] Expressing equation (67) in terms of the nondimen-

sional variables gives

Mm

M0

yð Þ ¼ V‘ exp �V 1� V‘ð Þz½ �
Zy
0

Z1
0

cmd h; ze; sð Þdhds; ð85Þ

where cmd is given by equation (58). The integration of
equation (85) uses integral relationships given in
Appendix A. The result is

Mm

M0

¼ PeV þ V‘ð ÞVV‘ þ 4ldV‘

4ld

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q þ VV‘

4ld

2
64

3
75 exp �V 1� V‘ð Þze½ �

� exp ze
2Pe

1� V‘ð Þ PeV þ V‘ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
� zeld

� �

� erfc
ze 1� V‘ð Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
y� zeð Þ

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
0
@

1
A

� PeV þ V‘ð ÞVV‘ þ 4ldV‘

4ld

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q � VV‘

4ld

2
64

3
75 exp �V 1� V‘ð Þze½ �

� exp ze
2Pe

1� V‘ð Þ PeV þ V‘ð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
� zeld

� �

� erfc
ze 1� V‘ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
y� zeð Þ

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
0
@

1
A

�VV‘ exp �ldyð Þ
2ld

exp �V 1� V‘ð Þze½ �

	erfc ze 1� V‘ð Þ � PeV þ V‘ð Þ y� zeð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
 !

ð86Þ

for ze � y � ze
V‘
. For y < ze,

Mm

M0

(y) = 0 and for

y >
ze
V‘
,
Mm

M0

(y) =
Mm

M0

�
ze
V‘

�
.

[62] Special forms of this solution for various limiting
cases are given in Appendix B.
[63] The relative cumulative mass (or fractional break-

through) relationships in equations (83) and (86) are found
to be functions of the dimensionless observation time, and
also depend on the dimensionless downstream position,
Peclet number, cross-flow velocity ratio, and longitudinal
velocity ratio. The solutions vary between the dimensionless

times of ze and
ze
V‘
. These dimensionless times are the

minimum and maximum dimensionless times for transport
to the downstream location, corresponding to pure advec-
tive transport in the fracture and matrix, respectively.

3.5. Cumulative Mass Arrivals in the Isolated Matrix
at a Fixed Downstream Location

[64] The amount of solute at a depth, z, passing from the
connected region into the disconnected region (per unit
depth) is

mmi z; Tð Þ ¼ 2

ZT
z
vf

Z1
0

fmSmRmcm x; z; tð Þdxvmdt: ð87Þ

This flux moves at a uniform speed, vm, from the position z
to the bottom boundary, ze. Therefore there is a time delay,
D, in arriving at the bottom boundary of

D ¼ ze � z

vm
: ð88Þ

[65] To put the integral in equation (87) in terms of the
time of arrival at the bottom boundary, the time needs to be
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incremented by the amount in equation (88). However, the
time for evaluation of the concentration needs to be adjusted
back by the same time delay to capture the correct concen-
trations flowing into the isolated matrix at position z; that is,
the time variable in the concentration solution is replaced by

t ) t � ze � z

vm

� �
;

mmi z; Tð Þ ¼ 2

ZT
z

vf
þ ze � z

vm

� �
Z1
0

fmSmRmcm x; z; t � ze � z

vm

� �� �
dxvmdt:

ð89Þ

[66] Consider solute in the matrix at a given level, z. As
this solute advects downward a small distance increment Dz,
a small portion of the matrix becomes disconnected. This
portion is

�Ab

b

dAr

dz
Dz: ð90Þ

This is the effective ‘‘width’’ for tracer mass passing from
the connected matrix region to the isolated matrix at a
position z.
[67] This formulation also introduces a restriction on the

range of z for a given value of T. This is because

T � z

vf
þ ze � z

vm

� �
: ð91Þ

Rearranging this inequality in terms of z gives

ze � vmT

1� vm
vf

� z: ð92Þ

[68] Integrating equation (89) over z using the differential
given in equation (90) and the lower bound for z given in
equation (92) gives the cumulative mass flux,

Mmi

M0

Tð Þ ¼ 2Ab

b

Zze
ze�vmT

1�vm
vf

� dAr

dz

� � ZT
z
vf
þ ze�z

vm
ð Þ

	
Z1
0

fmSmRmcm x; z; t � ze � z

vm

� �� �
dxvmdtdz: ð93Þ

[69] Using equation (65) for Ar and the definitions of the
nondimensional variables gives

Mmi

M0

¼ VV‘ 1� V‘ð Þ
Zze

ze�V‘y
1�V‘

exp �V 1� V‘ð Þzð Þ

�
Zy

zþ 1
V‘

ze�zð Þ

exp �ldsð Þ
Z1
0

cmd h; z; s� 1

V‘
ze � zð Þ

� �
dhdsdz:

ð94Þ

Expressing equation (58) in terms of z and s using the
delayed time in equation (94) gives

cmd h; z; sð Þ ¼ H ze � V‘sð ÞH z
V‘

1� V‘ð Þ � 1

V‘
ze � V‘sð Þ

� �

� ze � V‘sþ Pehð Þ

2
ffiffiffi
p

p ffiffiffiffiffi
Pe

p z
V‘

1� V‘ð Þ � 1

V‘
ze � V‘sð Þ

� �3=2

� exp �
ze � V‘sþ Peh� PeV

z
V‘

1� V‘ð Þ � 1

V‘
ze � V‘sð Þ

� �

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z
V‘

1� V‘ð Þ � 1

V‘
ze � V‘sð Þ

r
8>><
>>:

9>>=
>>;

2
2
6664

3
7775:

ð95Þ

The step functions in equation (95) are redundant given the
integration limits in equation (93). The integration of
equation (94) uses integral relationships given in
Appendix A. The result is

Mmi

M0

¼ � PeVV 2
‘

2ld V‘ PeV � V‘ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
� 2Peld

� �

�
4ld þ V PeV þ V‘ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
8>><
>>:

9>>=
>>; exp �ldzeð Þ

� exp �ze 1� V‘ð Þ
PeV � V‘ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
2Pe

8<
:

9=
;

0
@

1
A

� erfc
ze � V‘yð Þ

2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
� V‘

2
ffiffiffiffiffi
Pe

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p2
4

3
5

þ

ffiffiffiffiffiffiffiffiffi
PeV

p
V 2
‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
þ

ffiffiffiffiffiffiffiffiffi
PeV

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ 4V‘

p
� V‘

� �

2ld

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ 4V‘

p
2V‘ PeV � V‘ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
� 4Peld

� �

�
4ld þ V PeV þ V‘ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
8>><
>>:

9>>=
>>; exp �ldyð Þ

� exp � 1

2Pe
ze � V‘yð Þ PeV þ

ffiffiffiffiffiffiffiffiffi
PeV

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ 4V‘

ph i� �

� erfc ze � V‘yð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p �
ffiffiffiffi
V

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ 4V‘

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p !

�

ffiffiffiffiffiffiffiffiffi
PeV

p
V 2
‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PeV þ V‘ð Þ2 þ 4Peld

q
�

ffiffiffiffiffiffiffiffiffi
PeV

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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[70] Special forms of this solution for various limiting
cases are given in Appendix B.
[71] The relative cumulative mass in the isolated matrix

varies over the same range of dimensionless time and
depends on the same factors as the relative cumulative mass

in the fracture and connected matrix as described in
section 3.4.

4. Solution Behavior

[72] Some specific cases are presented to examine the
solution behavior. Base case calculations are presented in
section 4.1. Table 1 presents the parameters used for the
base case calculations. The model domain is 100 m in the
vertical direction. The base case fracture velocity is about
32 m/yr. This gives a transport time of about 3.2 years for
solute that travels exclusively in the fracture. The transport
time for solute that travels exclusively in the matrix is
approximately 32,000 years. The base case transverse
velocity is about 30 percent of the matrix longitudinal
velocity. These velocities lead to a cross-flow velocity ratio
(V) of 3 � 10�5 and a longitudinal velocity ratio (V‘) of
10�4. The diffusion coefficient for the base case is 2 �
10�11 m2/s, and using other parameters from Table 1 gives a
Peclet number (Pe), of 100. The base case solute is stable,
that is, no decay.
[73] Sensitivity calculations for four different diffusion

coefficients, ranging from 2 � 10�10 m2/s to 2� 10�14 m2/s
are given in section 4.2. Sensitivity calculations for three flow
fields with different levels of transverse flow from fracture to
matrix are also given in section 4.2. One case has zero
transverse flow; a second case has a transverse velocity that
is about 30 percent of the matrix longitudinal velocity; and a
third case where the matrix transverse and longitudinal
velocities are equal. Sensitivity calculations for matrix po-
rosity and retardation are given in section 4.3, and for fracture
retardation and porosity in section 4.4. Sensitivity calcula-
tions for radioactive decay are given in section 4.5.

4.1. Fracture and Matrix Concentrations and
Cumulative Arrivals for the Base Case

[74] The fractional breakthrough curves for the base case,
showing contributions from the fractures, connected matrix,
and isolated matrix, are presented in Figure 3. Cumulative
releases at the downstream position occur early in the time
period for the fractures, starting at about 100 years. The
fractures contribute primarily over the period of 100 to
10,000 years. Contributions to the total breakthrough begin
in the connected matrix at about 1,000 years and continue to

Table 1. Base Case Parameters

Parameter Value

Initial fracture flux, qf, m/s 5 � 10�8

Matrix flux, qm,
a m/s 10�11

Transverse flux, qfm,
a m/s 3 � 10�12

Initial fracture saturation, Sf 0.05
Matrix saturation, Sm 0.9
Fracture porosity, ff

a 1
Matrix porosity, fm 0.111
Fracture retardation, Rf

a 1
Matrix retardation, Rm

a 1
Matrix diffusion coefficient, Dm,

a m2/s 2 � 10�11

Fracture aperture, b, m 0.0004
Fracture area, Af, m

2 0.001
Longitudinal distance, z0, m 100
Solute mass released, M0, kg 1
Decay constant, l, 1/s 0

aDifferent values for these parameters are noted in sections 4.2, 4.3, 4.4,
and 4.5.
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contribute until all solute has exited the system at approx-
imately 31,600 years. This is the time for solute to travel
from the inlet to the outlet entirely in the matrix. Contribu-
tions from the isolated matrix are the last to arrive, at about
5,000 years, but ultimately contribute the most to the
cumulative mass flux. Concentration profiles for the frac-
tures and connected matrix are shown in Figures 4a–4c. At
50 years, very little of the solute has reached the down-
stream boundary. Concentrations in the connected matrix
show increasing delay and decreasing concentration with
distance away from the fracture. At 1,000 years, the con-
centrations in the connected matrix at some locations
exceed the concentrations in the fracture. At 10,000 years
connected matrix concentrations within 20 m of the fracture
exceed the concentrations in the fracture. The sharp bound-
ary at a longitudinal distance of about 32 m represents the
matrix advection rate, which is the slowest rate for solute
transport toward the bottom boundary.
[75] The change in wetted interface area with depth is

shown in Figure 5. The interface area decreases from its
original value at z = 0 to a value about 22 percent of the
original at z = 100 m. Solute transport through the isolated
matrix occurs as a result of this change in wetted interface
area. Figures 6 and 7 show concentration profiles for
transition depths from the connected matrix to the isolated
matrix (zc) of 10 m, 50 m, and 80 m at 1,000 years and

Figure 3. Base case breakthrough curves for the fracture,
connected matrix, and isolated matrix. Curves were
computed using equations (B1), (B2), and (B3).

Figure 4. Base case longitudinal concentration profiles for the fracture and connected matrix: (a) 50,
(b) 1000, and (c) 10,000 years. Profiles were computed using equations (55) and (58).
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10,000 years for various distances into the matrix from the
fracture. Peak concentrations in the isolated matrix at
1,000 years range from about 0.7 kg/m3 for zc = 10 m
to about 0.3 kg/m3 for zc = 80 m (Figures 6a–6c) as
compared with peak concentrations in the connected
matrix of slightly more than 0.3 kg/m3 (Figure 4b). Peak
concentrations remain higher in the isolatedmatrix than in the
connected matrix at 10,000 years, as shown in Figures 7a–7c
and 4c. This is a result of the loss of communication with the
fracture, which at 1,000 years and 10,000 years has lower
concentrations than in the isolated matrix near the fracture
surface (depth of 0.01 m). At 1,000 years, the profiles span
about 3 m longitudinally (Figures 6a–6c) and extend to more
than 30 m at 10,000 years (Figures 7a–7c). The profiles
stretch out with time because of the continuous solute
transport from the connected matrix into the isolated matrix.

4.2. Transport Sensitivity to Matrix Diffusion,
Imbibition, and Global Flow in the Matrix

[76] The magnitude and timing of cumulative mass arriv-
als are a function of Peclet number, Pe, the cross-flow
velocity ratio, V, and the longitudinal velocity ratio, V‘. The
effects of variations in Pe are investigated through changes
to the matrix diffusion coefficient. The effects of variations
in V are investigated through changes in the imbibition flux.
The effects of variations in V‘ are investigated through

Figure 5. Fraction of wetted interface area as a function of
vertical distance computed using equation (65).

Figure 6. Base case longitudinal concentration profiles for the isolated matrix: (a) 1000 years, zc = 10 m;
(b) 1000 years, zc = 50 m; and (c) 1000 years, zc = 80 m. Profiles were computed using equation (73).
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changes in the matrix longitudinal flux. Parameter values
for these sensitivity cases are given in Table 2.
[77] Figures 8a–8c present fractional breakthrough for all

components (fracture, connected matrix, and isolated ma-
trix) for V‘ = 10�4 and a range of Pe from 10 to 10,000 and
a range of V from 0 to 10�4. Figure 8a shows results for V = 0
(no transverse flow). The results show a strong sensitivity to
changes in Pe, with increasingly longer breakthrough times
for lower values of Pe. Figure 8b shows the behavior with a
transverse velocity that is 30 percent of the matrix longitu-
dinal velocity. The effects of transverse flow have a large
impact on the breakthrough behavior at longer times, but
relatively little effect on the time of first arrival. The effects
of transverse flow are also greater for cases with higher
values of Pe. At higher Pe, there is a distinct plateau in the
fractional breakthrough curve. The level of the plateau, at a
fractional breakthrough of about 0.22, corresponds to the
fraction the initial flux that exits the fracture at the down-
stream location. This same fraction is seen in the wetted
interface area at 100 m (see Figure 5), which is equivalent to
the fraction of the initial water flux in the fracture. At higher
transverse velocities, shown in Figure 8c, nearly all trans-
port occurs in the matrix from the strong transverse flow,
leading to low sensitivity to Pe. In this case, only about
0.0068 of the initial fracture flux exits the fracture at the
downstream location.

[78] Sensitivity calculations for the case with no longitudi-
nal transport in the matrix,V‘ = 0, are shown in Figures 9a–9c.
Figure 9a shows the case with V = 0. The loss of longitudinal
advective transport in the matrix results in longer times to
attain higher values of fractional breakthrough as compared
with Figure 8a, with more pronounced differences at lower
values of Pe. However, there is little effect on the initial
breakthrough times. Figures 9b and 9c show the distinct effects
of having local matrix advection from the fracture to thematrix
without global longitudinal advective transport in the matrix.
The fractions of solute that are ultimately produced, about 0.22
and 0.0068, respectively, correspond to the fraction of the
initial fracture flux that arrives at the lower boundary. The

Figure 7. Base case longitudinal concentration profiles for the isolatedmatrix: (a) 10,000 years, zc = 10m;
(b) 10,000 years, zc = 50 m; and (c) 10,000 years, zc = 80 m. Profiles were computed using equation (73).

Table 2. Parameter Variations for Figures 8, 9, and 10

Dimensionless Variable Parametera Value

Pe = 10 Dm 2 � 10�10

Pe = 100 Dm 2 � 10�11b

Pe = 1,000 Dm 2 � 10�12

Pe = 10,000 Dm 2 � 10�13

V = 0 qfm 0
V = 3 � 10�5 qfm 3 � 10�12b

V = 10�4 qfm 10�11

aDm in units of m2/s, qfm in units of m/s.
bBase case.
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effect of Pe on the fractional breakthrough for these cases is
restricted to the fraction of solute transport that escapes
permanent loss to the matrix.

4.3. Transport Sensitivity to Matrix Retardation
and Porosity

[79] Solute retardation results from sorption processes
between the solute and the rock surfaces. The effects of
solute retardation in the matrix for retardation factors of 1,
5, and 25 are shown in Figures 10a (Pe = 100) and 10b (Pe =
10,000). The effects of retardation result in longer times, from
31,600 years to 790,000 years, to achieve a fractional break-
through of 1. These times are in direct proportion to the
retardation factor. The breakthrough curves also show a
significant effect of matrix retardation on the initial break-
through behavior. This occurs because sorption on the matrix
leads to a stronger solute concentration gradient for diffusion
from the fracture to the matrix.
[80] The effects of matrix porosity on transport are shown

in Figures 11a and 11b. Parameter values for these sensi-
tivity cases are given in Table 3. Matrix porosity affects
transport in two ways. Matrix porosity changes the available
volume for solute transport and it also affects the effective
diffusion rate. The effective matrix diffusion rate is propor-
tional to the tortuosity of the matrix. Tortuosity is defined

here as the ratio of the straight-line path length between two
points to the average diffusion path length. Although the
relationship between tortuosity and porosity is not unique, a
simple approximation that has been proposed, when matrix
porosity is less than 0.2, is to set tortuosity equal to porosity
[Liu et al., 2004]. In Figures 11a and 11b, two cases are
presented for each change in porosity. One case changes the
porosity as explicitly represented in the transport equations
and the second case includes the effects on matrix diffusion.
Note that even when matrix porosity does not affect the
matrix diffusion rate, changes to matrix porosity lead to
changes in Pe through the effects of matrix porosity on the
length scale, ‘. The fractional breakthrough curves are
found to be sensitive to changes in matrix porosity, and
have similar effects on the curves as found for matrix
retardation. The fractional breakthrough curves are found
to be even more sensitive to matrix porosity when the
effects on matrix diffusion are included.

4.4. Transport Sensitivity to Fracture Retardation
and Porosity

[81] The effects of fracture retardation and porosity are
shown in Figure 12a. The results show that there is virtually
no sensitivity to fracture porosity and relatively limited
sensitivity to fracture retardation. Although changes in

Figure 8. Effects of variations in Peclet number (Pe) and transverse velocity ratio (V) on the cumulative
fractional mass breakthrough at the lower boundary: (a) V = 0, curves computed using equation (B7);
(b) V = 3 � 10�5, curves computed using equation (B5); and (c) V = 10�4, curves computed using
equation (B5).
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fracture porosity and retardation directly influence the
transport velocity in the fracture, they also influence the
effective fracture water volume per unit fracture-matrix
interface area as represented by the length scale, ‘. For
example a reduction in fracture porosity leads to higher
fracture velocities if all other factors remain the same.

However, the reduction in fracture porosity also leads to a
smaller fracture water volume per unit fracture-matrix
interface area, resulting in greater fracture-matrix interac-
tion. The opposing effects nearly balance, resulting in low
sensitivity. Increases in fracture retardation are balanced by
the increase in effective fracture water volume per unit

Figure 9. Effects of variations in Peclet number (Pe) and transverse velocity ratio (V) on the cumulative
fractional mass breakthrough at the lower boundary for no longitudinal flow in the matrix (V‘ = 0): (a) V = 0,
curves computed using equation (B8); (b) V = 3� 10�5, curves computed using equation (B6); and (c) V =
10�4, curves computed using equation (B6).

Figure 10. Effects of retardation in the matrix on the cumulative fractional mass breakthrough at the
lower boundary: (a) Pe = 100 and (b) Pe = 10,000. Curves were computed using equation (B5).
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fracture-matrix interface area. However, the breakthrough
curve begins to be affected if the retardation level is suffi-
ciently large to affect the relative velocity in the fracture as
compared with the matrix.
[82] Figure 12b shows a case in which the matrix velocity

is 90 percent of the fracture velocity for a fracture porosity
of 1. Here a change in fracture porosity causes a substantial
change in the breakthrough curve because the relative
fracture velocity increases substantially.
[83] The fracture aperture is used to compute the fracture

volume in equation (1). If the effects of fracture aperture on
transport are limited to changes in fracture volume only,
then the sensitivity of transport to changes in fracture aperture
is equivalent to the sensitivities discussed for porosity and
retardation. However, changes in fracture aperture may also
affect fracture permeability. In this case, the sensitivity of
transport to changes in fracture aperture is greater. The
sensitivity increases because the solute velocity is affected
by a change in permeability, but the effective fracture water
volume per unit fracture-matrix interface area, ‘, is not
affected. For a fixed fracture-water flux, the fracture water
saturation must adjust for a change in permeability. However,
the change in fracture water saturation in equation (23) is
exactly offset by the fracture-matrix interface area reduction
factor, resulting in no change to ‘.

4.5. Transport Sensitivity to Radioactive Decay

[84] Figure 13 shows the base case (no decay) compared
with a range of radioactive half-lives. Decay has almost no
effect for a half-life of 300,000 years. The total amount of
material penetrating the 100 m zone is reduced by about
28 percent for a half-life of 30,000 years, which is
roughly the advective timescale in the matrix. More sub-
stantial reductions are found for shorter half-lives. The
amount of solute that exits the 100 m zone is reduced by
about 99.9 percent for a half-life of 30 years, which is about
10 times the advective timescale in the fracture.

5. Limitations

[85] A number of specific geometric and process restric-
tions have been used to define the problem investigated

here. Of these, the assumption of steady flow in the fracture
is most likely to result in serious errors in applying the
model presented here. The condition of steady flow is not
always appropriate for unsaturated flow in fractured rock.
Unsaturated flow is frequently linked to unsteady infiltra-
tion boundary conditions and the weak capillary forces
common to unsaturated fracture flow may allow deep
penetration of transient flows. In such situations, transient
flow will result in faster solute transport than expected on
the basis of the solutions presented here if the flow rate is
assigned the time-averaged value. Transverse flow from the
fracture into the matrix is represented as a constant flux in
the transport model, although this is only likely to be true
near the fracture; a constant transverse flow deep into the
matrix is unlikely because the flow pattern is expected to
disperse through the effects of rock heterogeneity and three-
dimensional effects. The assumption that fracture flux is
proportional to saturation is based on the formation of a
gravity-driven finger structure [Glass et al., 1995]. However,
numerical models of flow in fractures including matrix
imbibition indicate that imbibition acts to diminish the degree
of instability [Abdel-Salam and Chrysikopoulos, 1996].
Therefore the application of this model to any particular
problem requires an assessment of the model’s suitability
relative to the expected flow behavior.

Figure 11. Effects of matrix porosity on on the cumulative fractional mass breakthrough at the lower
boundary: (a) low Pe (effects of porosity on matrix diffusion are included in the cases with Pe = 400 and
Pe = 25) and (b) high Pe (effects of porosity on matrix diffusion are included in the cases with Pe =
40,000 and Pe = 2500). Curves were computed using equation (B5).

Table 3. Parameter Variations for Figure 11

Pe fm Dm, m
2/s

100 0.11a 2 � 10�11a

200 0.056 2 � 10�11a

50 0.22 2 � 10�11a

400b 0.056 10�11

25b 0.22 4 � 10�11

10,000 0.11a 2 � 10�13

20,000 0.056 2 � 10�13

5,000 0.22 2 � 10�13

40,000b 0.056 10�13

2,500b 0.22 4 � 10�13

aBase case.
bTortuosity proportional to porosity.
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[86] The concept of an isolated matrix as presented in this
paper is only an approximation that is convenient for
developing analytical results. The reduction in fracture-
matrix interaction as fracture water saturation decreases will
result in a portion of the solute in the matrix having reduced
interaction with fracture water. However, no solute would
be absolutely isolated from fracture water because of the
presence of pathways through the matrix to fracture water.
[87] The condition of an infinite domain in the transverse

direction is not appropriate when the transport is affected by
the presence of multiple fractures. The analytical solutions
presented here will initially be accurate if the other con-
ditions are suitable for the problem. However, after suffi-
cient time has elapsed for the solute to migrate laterally such
that it is affected by the presence of more than one fracture,
the solutions become increasingly inaccurate. The solutions
can be accurate for the entire transport problem if the
timescale for longitudinal transport of solute through the
system is sufficiently short compared with the advective and

diffusive timescales,
Lf

vfm
and

L2f

D�
m

, respectively, for lateral

migration between fractures separated by a distance Lf. The
effects of multiple fractures have been investigated for the
case where advective transport is limited to the fractures
[Sudicky and Frind, 1982].

6. Conclusions

[88] An analytical solution is presented for transport in a
single fracture through a porous rock matrix with global
flow in the fracture and matrix, as well as advective and
diffusive exchange between the fracture and rock matrix.
The solution is derived for the concentrations that evolve
from an instantaneous point source in the fracture. An
integrated form of this solution for cumulative mass arrivals
at a downstream location is also derived.
[89] Solute concentrations for an instantaneous release in

the fracture are initially higher in the fracture, but at later
times are higher in the matrix. This change is also reflected
in the mass arrivals at a downstream location, which are
fracture-dominated initially but dominated by solute arrivals
in the matrix at later times. Solute transport in the matrix is
reinforced for the case in which water is imbibing from the

fracture to the matrix. This is a result of reduced fracture-
matrix interface area due to a decrease in fracture water
saturation as well as the direct effects of the imbibition flow
pattern on solute transport back to the fracture.
[90] Sensitivity studies with the analytical model show

that the solution is sensitive to changes in Peclet number,
and shows increasing sensitivity to transverse flow from the
fracture to the matrix with increasing Peclet number. The
effects of matrix porosity and retardation are found to have
a significant effect on transport behavior. These factors
influence not only the matrix transport directly, but also
have a significant effect on fracture-matrix interaction,
affecting arrival times over the entire breakthrough curve.
Sensitivity to fracture porosity and retardation are found to
be small under conditions in which the fracture velocity is
large relative to the matrix velocity. These factors affect

Figure 12. Effects of fracture porosity and retardation on the cumulative fractional mass breakthrough
at the lower boundary: (a) base case sensitivity and (b) increased matrix flux: qm = 9 � 10�8 m/s (matrix
velocity 90% of fracture velocity for ff = 1). Curves were computed using equation (B5).

Figure 13. Effects of radioactive decay on the cumulative
fractional mass breakthrough at the lower boundary. Curves
were computed using equations (83), (86), and (96). The
decay constant is l = 2.2 � 10�8/t0.5, where t0.5 is the half-
life in years and l is in 1/s.
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both the velocity in the fracture and fracture-water contact
with the rock matrix. The opposing effects of these factors
on velocity and fracture-matrix interaction for solute trans-
port lead to the predicted low sensitivity.

Appendix A: Integral Relationships

[91] Integrations carried out for equations (83), (86), and
(96) are performed using standard integration methods plus
application of the following results:

Z
exp �a2x2 � b2

x2

� �
dx ¼

ffiffiffi
p

p

4a
exp 2abð Þerf axþ b

x

� ��

þ exp �2abð Þerf ax� b

x

� ��
þ C ðA1Þ

Z
x exp cx2

� �
erfc

a

x
� bx

$ %
dx ¼ 1

2c
exp cx2
� �

erfc
a

x
� bx

$ %

� b�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p

4c
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p
 !

exp 2abð Þ exp 2a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p$ %
erf

a

x
þ x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p$ %

þ bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p

4c
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p
 !

exp 2abð Þ exp �2a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p$ %

	 erf a

x
� x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � c

p$ %
þ C; ðA2Þ

where C is an integration constant.

Appendix B: Special Forms of the Solutions

B1. No Decay

[92] Equations (83), (87), and (96) reduce to the follow-
ing for no decay (ld = 0). Note that for equations (86) and
(96) this limit requires the first-order expansion in small ld.
[93] For cumulative mass in the fracture, equation (83)

becomes

Mf

M0

¼ 1

2

PeV

PeV þ V‘
exp �V 1� V‘ð Þze½ �

	 erfc ze 1� V‘ð Þ � PeV þ V‘ð Þ y� zeð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
 !

þ 1

2

PeV þ 2V‘

PeV þ V‘
exp

zeV‘ 1� V‘ð Þ
Pe

� �

	 erfc ze 1� V‘ð Þ þ PeV þ V‘ð Þ y� zeð Þ
2
ffiffiffiffiffi
Pe

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� ze

p
 !

: ðB1Þ

[94] For cumulative mass in the connected matrix, equa-
tion (86) becomes

Mm

M0

¼ PeV þ 2V‘ð ÞV‘ þ VV‘ PeV þ V‘ð Þ y� zeð Þ PeV þ V‘ð Þ � ze 1� V‘ð Þ½ �
2 PeV þ V‘ð Þ2

" #

	 exp �V 1� V‘ð Þze½ �
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3
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[95] For cumulative mass in the isolated matrix,
equation (96) becomes

Mmi

M0
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ðB3Þ

[96] Combining equations (B2) and (B3) gives the cumu-
lative mass in the matrix for no decay,

Mm þMmi

M0

¼ VV‘ PeV þ V‘ð Þy� PeV

2 PeV þ V‘ð Þ
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[97] Combining equations (B1) and (B4) gives the total
cumulative mass for no decay,
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B2. No Decay and No Longitudinal Flow in the Matrix

[98] Equation (B5) becomes, for no longitudinal flow in
the matrix (V‘ = 0)
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B3. No Decay and No Imbibition

[99] Equation (B5) becomes, for no imbibition (V = 0),
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B4. No Decay, No Longitudinal Flow in the
Matrix, and No Imbibition

[100] Equation (B5) becomes, for no longitudinal flow in
the matrix (V‘ = 0) and no imbibition (V = 0),
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Notation

Primary Variables
Af fracture cross-sectional area orthogonal to the z axis

(L2).
Ar fracture-matrix interface area reduction factor (di-

mensionless).
Avfm fracture-matrix interface area/unit fracture volume

(1/L).
b fracture aperture (L).
cf solute mass concentration in fracture water

(M/L3).
cfa sorbed concentration; mass of sorbed solute per unit

mass of rock (dimensionless).
cfcs fracture concentration field from a continuous point

source (M/L3).
cm solute mass concentration in connected matrix water

(M/L3).
cma solute sorbed concentration in connected matrix

expressed as mass of sorbed solute per unit mass of
rock matrix (dimensionless).

cmi solute mass concentration in isolated matrix water
(M/L3).

cmai solute sorbed concentration in isolated matrix
expressed as mass of sorbed solute per unit mass of
rock matrix (dimensionless).

Dm matrix diffusion coefficient (L2/T).
Kdf linear sorption coefficient (L3/M).
Kdm linear sorption coefficient in the rock matrix

(L3/M).
Kf fracture permeability (L2).
M0 initial mass of solute (including solute sorbed) (M).
qf fracture water flux (fracture water flow rate per unit

fracture area) (L/T).
qfm fracture-matrix flow rate per unit bulk area in x

direction (L/T).
qm matrix water flow rate per unit bulk area (in z

direction) (L/T).
Sf fracture water saturation (fracture water volume per

unit fracture volume) (dimensionless).
Sf0 fracture water saturation at z = 0 (fracture

water volume per unit fracture volume) (dimension-
less).
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Sm matrix water saturation (matrix water volume per unit
matrix bulk volume) (dimensionless).

t time (T).
tc time of solute entry into isolated matrix (T).
T time of observation (T).
x horizontal coordinate (L).
z vertical coordinate (L).
zc vertical coordinate of solute entry into isolated matrix

(L).
ze vertical coordinate of the lower boundary (L).
ff fracture porosity (fracture pore volume per unit

fracture volume) (dimensionless).
fm matrix porosity (matrix pore volume per unit matrix

bulk volume) (dimensionless).
l decay constant for the radioactive solute (1/T).
rbf rock mass available for sorption per unit fracture

volume (M/L3).
rbm rock mass per unit bulk volume (M/L3).

Derived Variables

cfd =
Af ff Sf 0Rf ‘

M0

cfl dimensionless fracture concentra-
tion from an instantaneous point
source.

cmd =
Af ff Sf 0Rf ‘

M0

cml dimensionless connected matrix
concentration from an instanta-
neous point source.

cmdi =
Af ff Sf 0Rf ‘

M0

cmli dimensionless isolated matrix con-
centration from an instantaneous
point source.

cfl = cfe
lt fracture concentration normalized

for radioactive decay.
cml = cme

lt connected matrix concentration
normalized for radioactive decay.

cmli = cmie
lt isolated matrix concentration nor-

malized for radioactive decay.
ĉmd Laplace transformed dimension-

less matrix concentration.
ĉfd Laplace transformed dimension-

less fracture concentration.
D*m =

Dm

Rm

effective matrix diffusion coeffi-
cient (L2/T).

‘ =
b

2Ar

ff Sf Rf

fmSmRm

length scale (L).

Mf (T) cumulative mass arrivals in the
fracture (M).

Mm(T) cumulative mass arrivals in the
connected matrix (M).

Mmi(T) cumulative mass arrivals in the
isolated matrix (M).

mmi(z, T) cumulative mass arrivals at the
boundary between the connected
and isolated matrix per unit depth
(M/L).

Pe =
v�f ‘

D�
m

Peclet number (dimensionless).

Rf = 1 +
Arrbf Kdf

ff Sf
retardation coefficient in for trans-
port in the fracture (dimensionless).

Rm = 1 +
rbmKdm

fmSm
retardation coefficient for transport
in the matrix.

s Laplace transform variable.
T time of observation (T).

vf =
qf

ff Sf Rf

advective transport velocity in the
fracture (L/T).

vfm =
qfm

fmSmRm

advective transport velocity in the
matrix (x direction) (L/T).

v*f = vf � vm longitudinal velocity in the frac-
ture relative to the matrix (L/T).

vm =
qm

fmSmRm

advective transport velocity in the
matrix in the z direction (L/T).

V =
vfm

v�f
velocity ratio for cross flow in the
matrix (dimensionless).

V‘ =
vm

vf
velocity ratio for longitudinal flow
in the matrix (dimensionless).

c = s +
PeV 2

4
modified Laplace transform vari-
able (dimensionless).

h =
x

‘
dimensionless transverse distance.

ld =
l‘
vf

dimensionless decay rate.

s =
vf t

‘
dimensionless time.

V = z � vmt longitudinal coordinate in refer-
ence frame moving at the matrix
velocity (L/T).

t =
v�f t

‘
dimensionless time in reference
frame moving at the matrix velo-
city.

tc =
v�f tc

‘
dimensionless time of solute entry
inot the isolated matrix in refer-
ence frame moving at the matrix
velocity.

x =
V
‘

dimensionless longitudinal coordi-
nate for reference frame moving at
the matrix velocity.

xc =
zc � vmtc

‘
dimensionless longitudinal coordi-
nate for solute entry into the
isolated matrix for reference frame
moving at the matrix velocity.

y =
vf T

‘
dimensionless observation time.

z =
z

‘
, dimensionless longitudinal dis-

tance.
zc =

zc

‘
dimensionless longitudinal dis-
tance at entry point into isolated
matrix.

ze =
ze

‘
dimensionless longitudinal dis-
tance of lower boundary.

Special Functions
d(x) delta function.
H(x) step function.
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